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Now let H be a complex representation group of G so that H has a central subgroup A with A<H' such that AsJJ 2 (G, C x ) and there is an isomorphism a:G-> HI A. For each geG, choose an element r(g) of H such that cr(g) = Kg)A, with the convention that r(l) is the identity element of H. Thus, if x, y e G, since a is a homomorphism, r(x)r(y)=F(xy)A(x, y) for some A(x, y)eA. Hence, if AeHom(A, C x ), the map a : G x G -» C x defined by a(x, y) = A(A(x, y))
for all x, y e G, is a complex 2-cocycle which we call the special cocycle associated with A.
Since the values of A are in R o , and therefore in R, the map a defined by
d(x, y) = a(x, y)
for all x, y e G, is a K 2-cocycle of G. Next, let k be the algebraic closure of K and A p be a Sylow p-subgroup of A. It is proved in [1] , that H = H/A. p is a fc-representation group of G. Thus, denoting A./A. p by A and the coset hA p by h, we have that A=H 2 (G, fc x ) and the map cr:G -» H/A defined by cr(g) = r(g)A, for all ge G, is an isomorphism. Also, writing A(x, y)A p as A(x, y), we have that r(x)r(y) = r(xy)A(x, y). for all aeA. Thus the cocycle a defined above is the special cocycle associated with A in the sense that, for all x, y e G, a(x, y) = A(A(x, y)).
For any .R-free R-algebra B, let B be the K-algebra BIB&. Notice that if B is R(G, a), the twisted group algebra of G over R with cocycle a, then B is K(G, a). Let W x ,..., W r be a complete set of representatives for the isomorphism classes of principal indecomposable R{G, a)-modules. By [3; 44.3] , V 1 ; . . . , V r is a complete set of representatives for the isomorphism classes of principal indecomposable K(G, d)-modules, where Vi = W; ( l < i < r ) . Let L ; = VJradiVd ( l < i < r ) , so that, by [3; 45.8 of finitely generated .R-free R{G, a)-modules such that every irreducible K{G, a)-module is isomorphic to exactly one P f (8) R K DEFINITIONS, (i) Let ^ be the number of times L, occurs as a composition factor of P t . The matrix D = (dy) is the decomposition matrix of JR(G, a).
(ii) Let Cj, be the number of times Ly occurs as a composition factor of W t = V f . The matrix C = (Cj,) is the Cartan matrix of K(G,d). 
REPRESENTATIONS OF FINITE GROUPS II
is a J£(H)-module. PROPOSITION Proof. Let e be the idempotent of K{A) corresponding to A, so that for aeA, ae = A(a)e, and let 
It is clear from the above that for each aeA, a acts on K(H, A) as multiplication by A(a). Now if V is an indecomposable summand of K(G, a), V H is an indecomposable summand of K(G, a) H . Thus 6(V H ) is an indecomposable summand of K(H, A). Since K(H) has a K(H)-module decomposition
as ji ranges over Hom(A, K*), we see that 0
(V H ) is a principal indecomposable of K(H).

Conversely, if U is a principal indecomposable of K(H), equation (1) shows that U is a summand of K(H, fl) for some /I e Hom(A, K*). In this case, for aeA, a acts on U as multiplication by ji(a). Therefore, if for each aeA, a acts on U as multiplication by A(a), [/ is a summand of K(H, k). Thus 6~l(U) is a principal indecomposable K(G, a) Hmodule. Hence there is a principal indecomposable
K(G, a)-module V, say, that V H is isomorphic to U. COROLLARY 1.3. Let L l 7 . .
., L, be a complete set of representatives for the isomorphism classes of K(G, d)-modules. Then (L^H, . . . , (L r ) H is a complete set of representatives for the isomorphism classes of those irreducible K(H)-modules on which each aeA acts as multiplication by A(a).
Proof. It is easily shown that K(G, a) is a Frobenius algebra and so each principal indecomposable K(G, a)-module has a unique minimal submodule which is irreducible, the result now follows by Proposition 1.2. THEOREM 
With a suitable ordering of the modules for H, the Cartan matrix of K{G, d) is a direct submatrix of the Cartan matrix of K(H).
Proof. Let U t ,... ,U n be the principal indecomposable K(H)-modules with the ordering chosen so that (7j = 0(( Vj) H ) for 1 < i < r, where 6 is the map used in the proof of Proposition 1.2, and V 1 ; . . . , V r are the principal indecomposable K(G, a)-modules. Let L f be the unique minimal submodule of Vj (1 < i < r) and M i be the unique minimal submodule of L/,(l</<n). Because of the way A acts on M f and L/,, it follows that for 1 < i < r the only composition factors of t/ f are those in the set M 1 ; . . . , M r . Furthermore, if L, occurs k times as a composition factor of V f then M, occurs k times as a composition factor of t/j. This proves the result.
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COROLLARY 1.5. Let C be the Cartan matrix of K(G, a). Then detC is a power of p.
Proof. By [3; 61.5], the determinant of the Cartan matrix of K{H) is a power of p. The result follows by Theorem 1.4.
To conclude this section, we obtain a similar result to Theorem 1.4 for the decomposition matrix of R (G, a) . Let a be the special cocycle associated with A. Then R(G, a) may be regarded as an (R(H), R(G, a) )-bimodule with natural right action and, for tie A,
Thus if M is any R(G, a)-module 
., P s is a complete set of representatives for the isomorphism classes of those irreducible K(H)-modules on which elements a of A act as multiplication by A(d).
Proof. It is clear that each P t is an irreducible K(H)-modu\e on which each element a of A acts as multiplication by A(d). There is a one-to-one correspondence between irreducible a-projective representations of G over K and those irreducible representations of K(H) which restrict to A as A times the identity matrix. This gives a one-to-one correspondence between irreducible K{G, a)-modules and those irreducible K(H)-modules on which elements d of A act as multiplication by A(d). Thus, in order to show that for i =fc j, P { is not isomorphic to P ( , it is sufficient to prove that if D is an irreducible K(H)-module on which each element tie A acts as multiplication by A (a) then D is isomorphic to P t for some i. By [3; 48.1], there is an R-free R(i5)-module Q such that D = Q<2> R K. Now Q may be regarded as Q 1; an R(G, a)-module, by defining for geG, veQ (g)v = r(g)u. In a similar way to the proof of Theorem 1.4, one can now prove THEOREM In order to prove (iv), it should first be noted that without loss of generality, it may be supposed that Brauer protective characters are class functions. This may be ensured by making a suitable choice for the transversal {r(g) | g e G}. Once this is done, (iv) follows from (i) and Theorem 4.2 of [4] using a similar proof to the one for the corresponding result for linear characters. However, evaluating 2.1(iv) at x k = l = x,, we see that no higher power of p can divide each /x,(l). Now let P 1; P 2 be projective representations of G. For g 6 G define (Pi<8>P2)(g) to be the Kronecker product of P^g) and P 2 (g). The following result follows' easily from the definitions PROPOSITION 2.3. Let P f be a projective representation of G with special cocycle d t and t/f; be the Brauer projective character of P t (i = 1,2). Then P X ®P 2 is a projective representation of G with special cocycle d r a. 2 
Then d is R-free and (QI)H is isomorphic to Q. Also Q^K is an irreducible K(G, a)-module and so is isomorphic to
With a suitable ordering of the modules for H, the decomposition matrix of R{G, a) is a direct submatrix of the decomposition matrix of K(H).
Example.
In this section, the Brauer projective characters of the group A (7) are calculated. Schur [6] has shown that H 2 (G, C x ) has order six when G is A(7). Thus, if we consider the representations of G modulo 2, H has order 6 |A(7)| and H has order 3 |A(7)|. The first task is to determine the irreducible Brauer projective characters, which may be regarded as irreducible Brauer projective characters of the group f/ = 3.A(7). Schur gives the ordinary projective character (3) and (3) 2 are /3-irregular and so all the (3-projective characters are zero on those classes. The Brauer characters of A(7) modulo two are well-known (see [5] ) and are as shown below. , there are four irreducible Brauer (3-projective characters. The two /3-projective characters of degree 24 may be linearized by characters of H and so, since 8 is the highest power of two dividing |H|, their restriction to 2-regular conjugacy classes gives two irreducible Brauer projective characters. There is a six-dimensional P^-projective character, which we denote by 6, whose values, by 2.4, are the same as those of the six-dimensional |3-projective character 6. By 2.3, the product character 6.6 is a character of A (7). Its restriction to 2-regular conjugacy classes can be expressed as 2.1 + 14 + 20 and it therefore follows that 6 is an irreducible Brauer projective character. It therefore only remains to find one further irreducible Brauer projective character.
Suppose 6 were a constituent of 15 as Brauer characters. Then their difference 9, would be a Brauer character taking the value -2 on elements of order 7. The product of 
